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Abstract. Two families of Weyl group-invariant functions, denoted C, S, are known to arise 
from the irreducible representations of the compact simple Lie groups, and they have been 
studied extensively. These special functions derive respectively from Weyl orbits and from 
alternating Weyl orbits associated with the sign character of the Weyl group. 

In the case that the roots of the Lie group are of two different lengths, there are 'mixed sign' 
characters and they give rise to two new families of functions, the S L and S families. The 
subject of the paper is the definition and properties of these new functions. We describe their 
symmetry properties, their continuous orthogonality over the fundamental region F of the affine 
Weyl group of the corresponding simple Lie algebra, and their behaviour at the boundary of F. 
This involves a study of the subroot systems composed respectively of the long and short roots, 
and on the way in which their Weyl groups fit into the Weyl group of the original roots system. 

1 Department of Mathematical and Statistical Sciences, University of Alberta, Edmonton, Al- 
berta, T6G 2G1, Canada 

2 Centre de recherches mathematiques, Universite de Montreal, C. P. 6128 - Centre ville, 
Montreal, H3C 3J7, Quebec, Canada 

3 Departement de mathematiques et de statistiques, Universite de Montreal, C. P. 6128 - Centre 
ville, Montreal, H3C 3J7, Quebec, Canada 

E-mail: rmoody@ualberta.ca, motlochova@dms.umontreal.ca, patera@crm.umontreal.ca 

1. Introduction 

In this paper we describe four families of special functions, denoted C, S, and S L , S s in 
(18), attached to compact simple Lie groups. Two of the families, C and S, are well known in 
Lie theory. They exist for any compact simple Lie group [ ]. The new families, S L and S , 
exist only when the underlying simple Lie group has roots of 2 lengths. They can be viewed as 
'hybrid' analogues of the functions of the known families. 

Both the new and old families of functions are defined through the orbits of the Weyl groups 
(finite crystallographic Coxeter groups) of compact simple Lie groups. The reason why the two 
new families of functions exist only for simple Lie groups with two lengths of roots, is the fact 
that it is possible to treat the Weyl group symmetry differently for the two different root lengths. 
We treat all four families in a uniform way. All of these functions share valuable properties for 
applications: the number of their real variables is equal to the rank of the underlying simple 
Lie group, they are orthogonal as continuous functions, and they have well defined symmetry 
properties with respect to the boundary of the domain F of their orthogonality. 

History of the new families is rather short. Implicitly they can be found in [2] but they were 
first pointed out in [3] on the case of G%. In the extensive literature about polynomials in two 
variables one can undoubtedly find polynomials that could be transformed into those in [3]. 
However as far as we know, [3] is the first place where the polynomials of S L and S families 
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are linked with compact simple Lie groups of rank 2. This served as the motivating idea for the 
present paper. Moreover, the existence of four families of orbit functions increases the number 
of related families of E- functions to six [4]. Recently the results of this paper were exploited in 
the case of G 2 in [5]. 

2. Root systems with 2 root lengths 

The simple Lie algebras of any rank n > 1 are conveniently specified by their Coxeter-Dynkin 
diagrams or equivalently by their Cartan matrices. Conventions in the diagrams provide angles 
and relative lengths of the basis in the real Euclidean space 1" of dimension n. With each simple 
Lie algebra is associated a finite reflection group W (the Weyl group) that generates the root 
system A of the algebra from its simple roots. 

The simple Lie algebras that have simple roots of two lengths are of the types: 

B n (n > 2) , C n {n > 2) , F 4 , G 2 . (1) 

The finite root systems of B 2 and C 2 are isomorphic, but we allow both here. 
The remaining simple Lie algebras (the simply-laced types), 

A n (n > 1) , D n (n > 4) , E 6 , E 7 , E 8 , (2) 

have all roots of the same length. 

All finite dimensional irreducible representations of the Lie algebras (1) are self-contragredient 
(i.e. they are either orthogonal or symplectic). This implies a property of the Weyl group orbits 
that subsequently will be of importance to us: 

Corollary 2.1. 

A Weyl group orbit W\ of any of the Lie algebras (1) has the following property, 

if [i £ W\ , then also - fi G W x ■ (3) 
The only Lie algebras (2) with the property (3) are A\, Ej, and E$. 
2.1. Tools. 

First let us recall some standard facts of the theory. There are two pairs of lattices in M. n , the 



root lattice Q, the weight lattice P and their duals: 

Q = TLax + ■ ■ ■ + Za n , Q = Zdi + • • • + Zd n . (4) 

P = Zwi + • • • + Zoj n , P = ZcDi H h Zun . (5) 

p+ = Z- ^ + ■■■ + Z-°u n , P + = V + • • • + Z-°(j n . (6) 



Here, ai, . . . , ct n is a basis of simple roots for Q and co\, . . . ,u n is the corresponding basis of 
fundamental weights for P. The relationships between the lattices and between the various root 
and weight bases and their co-equivalents described below are summarized in: 

{ai,...,a n } C Q Q D {ai,...,a n } 

n x n 

{ui, . . . ,uj„} C P P D {wi,...,w„} (7) 

n n 
t* t 
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Here the times symbol is meant to indicate that Q and P, as well as P and Q, are in Z-duality 
with each other (the indicated bases are also in Z-duality), t ~ M. n corresponds to the Lie algebra 
it of the maximal torus T of a simply connected simple Lie group G with Lie algebra g and t* 
denote the dual space of t on which we have a natural positive definite form ( • | • ). Furthermore, 
let (-, •) be the natural pairing of t* and t, and let A E t* denote the root system. Also indicated 
are the positive cones defined by the weight and co- weight bases. 
Furthermore, 

B n : (Q + oj n ) + Q = P, C n : (Q + oj 1 )+Q = P, F 4 : Q = P, G 2 ■ Q = P. 
Let £ be the highest root, 

£ = m\ai H h m n a n (8) 

Now we define the standard simplex F in W 1 , which serves as a fundamental cell for the affine 
Weyl group = W X Q: 

F ■= {x\ (dj,x) > for all j = l,...,n, {£,x)<l}, (9) 

Its vertices are 

F ={^>£fr>'-->£fin} ■ ( 10 ) 
where m k , k = 1, 2, . . . , n, are the coefficients of the highest root. The highest roots of the Lie 
algebras (1) are the following. 

n n—1 

B n ■ £ = ai + 2^a k C n : £ = 2 ^ a k + a n 

k=2 k=l { ' 

F4 : £ = 2ai + 3«2 + 4a3 + 2a4 Gi : £ = 2a\ + 3a2 

We also need to introduce the affine Weyl group VF aff : W aS is generated by reflections r j with 
respect to hyperplanes, which have common point at the origin of M n , and which are orthogonal 
to simple roots CKj, i = 1 . . . n, together with the reflection ro defined by 

2£ 

r x = rex + —f — , i£R", (12) 
(? I 4) 

where is a reflection with respect to a hyperplane, which have common point at the origin of 
M n , and which is orthogonal to highest root £. Corresponding to the generating reflections, we 
denote the (n — l)-dimensional faces of F by yo, y\, . . . , y n . 

2.2. Long and short roots. 

Let A + and A_ denote the positive and negative roots of A with respect to the root bases 
given above. We denote long and short things by the superscript labels L, S respectively, so in 
particular we have the sets of long and short roots A^, and A 5 : 

A L :={a £ A | a is a long root} 

A s :={a e A | a is a short root} . 

In particular the simple roots that belong to A L are the following 

A L {B n ) 3 ai,--- ,a n -x A L (C n )Ba n , 

A L (F A ) 3 ai,a 2 A (G 2 ) B a.\ ■ 

Let us write A T for either A L , or A s , that is T £ {L, S}, and then define A^ := A T n A + 
once a system of positive roots A + of A has been chosen. 
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Lie algebra 




B n 


Cn 


D n 


Fa 


G 2 


E 6 


£7 


E 8 




n(n + 1) 


2n 2 


2n 2 


2n 2 - 2n 


48 


12 


72 


126 


240 


\W\ 


(n+1)! 


n\2 n 


n\2 n 


n! 2 n - L 


2' 3 2 


12 


2'3 4 5 


2 1U 3 4 5 7 


2 14 3 b 5 2 7 



Table 1. The number of non-zero roots | A| of simple Lie algebras and the orders 
\W\ of their Weyl groups. 



A T is stabilized by W and it is easy to see that A T spans t* . Thus the sets A L , A s form root 
systems in their own right since each is invariant under the reflections in its elements. 

Proposition 2.2. A T is a root system in t*. 

Recall [ ] that to say that A is a root system in t* is equivalent to saying that : 
• A is finite and spans t* 



For a, /3 G A, we have 



g 



and P 



(a\a) 

• For all a G A , Ra n A = {±a} 
Proposition 2.3. A+ is a system of positive roots for A T . 

Proof. All systems of positive roots in any root system £ arise as S + = {a G X | (y \ a) > 0} for 
some v in the span of £ [6]. Now with g being half the sum of the positive roots of A, we have 
A + = {a G A | (q I a) > 0}. Then A^ = {a G A T | a G A + } = {a G A T | (g | a) > 0}. So A^ 
is a positive root system. □ 

We have two different decompositions of A: 

A = A + U A_ = A L U A s . (14) 

with |A_|_| = |A_|, while A L and A s contain the long and short roots respectively. It is known 
that A L is the root system of a semisimple subalgebra, say £ L C £ of the simple Lie algebra £ 
belonging to A. As for A s , it is the root system of a subjoined semisimple Lie algebra [7, 8], 
say £ 5 < £, which is usually not a subalgebra of £. 

nA\ in B n 
D n in C n 



A s is of type < 



L> 4 in F A 
A 2 in G 2 



A is of type < 



D n in B n 
nA\ in C n 
L> 4 in F A 
A 2 in G 2 



(15) 



where nA\ denotes the semisimple Lie algebra, nA\ = A\ x 
the known isomorphisms D 2 ~ A\ x A\ and -D3 ~ ^3. 



X A\, (n factors). In (15) we use 



3. The Weyl groups of the root systems 

The reflections in the roots of A L and A s generate Weyl groups W L , W s which are subgroups 
of W . Since any element of W leaves invariant both A L and A s , conjugation by elements of W 
maps reflections in long roots to reflections in long roots, and similarly for short roots. Therefore 
W L and W s are both normal subgroups of W . 
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However, W L n W s is not trivial in any of these root systems. In fact, if W L n W s = {1} 
then, since both W L and W s are normal in W, their elements mutually commute and since they 
contain all the simple reflections they generate W, and we would have W ~ W L x W s . But this 
does not happen in any of these root systems: the long roots are not orthogonal to all the short 
roots. 

What is true however is that in every case there are subgroups V L C W L and V s C W s so 
that 

W ~ V L x W s and W ~ V s x W l , (16) 

so we can factor elements of W into words that are long x short or short x long, with the full 
short or long Weyl group appearing as a factor. This factorization is seen to be a key property 
later. 

3.1. Explicit description of the Weyl groups. 

The roots of the 2-length root systems of the simple Lie groups have the standard represen- 
tations in terms of an orthonormal basis {e\, . . . , e n } as follows, [1]. 

Type B n : B n has long roots ±£j ± ej, i < j = 1, . . . , n, and short roots ±£j, i = 1, . . . , n. The 
set of long roots is a root system of type D n and the set of short roots is of type nA\. The Weyl 
group is isomorphic to (Z/2Z) n x S n with the first factor acting as all possible sign changes on 
the £i and the second as all permutations of the £j. One should note that although the factor 
(Z/2Z) n is the Weyl group W s of type nA\ (i.e. the Weyl group of the short roots), the factor 
S n is not the Weyl group of the set of long roots. Indeed, the Weyl group of type D n is the set 
of all permutations of the £j augmented by all even numbers of sign changes. 
The Weyl group can be written as 

W ~ S n x W s ~ Z/2Z x W L , 

where the S n C W L and the Z/2Z is the group of order 2 generated by a simple sign change on 

El. 

Type C n : C n has short roots ±£j ± ej, i < j = l,...,n, and long roots ±2ej where 
i = 1, . . . ,n. The set of short roots is a root system of type D n and the set of long roots is 
of type A™. The Weyl group is isomorphic to (Z/2Z) n x S n with the first factor acting as all 
possible sign changes on the e% and the second as all permutations of the e%. 

The results are directly analogous to those of type B n with the roles of long and short reversed. 

Type F4: F4 has long roots ±£j ± Ej and short roots ±£j, ± £2 ± £3 ± £4). The long 

roots form one root system of type D4 and the short roots form a second root system of type 
D4. The Weyl group has the structure 

S 3 x ((Z/2Z) 3 x 5 4 ) . 

The right hand pair is the Weyl group of the long D4, interpreted as permutations on the four 
Ej and even sets of sign changes on them. The S3 is the group of diagram automorphisms of the 

Let us see that the £3 arises from elements in W s . Consider the basis of simple roots {£2 — 
£3)^3 — £4, £4, — £2 — £3 — £4)} of F4. This is two long roots followed by two short roots. 
Evidently W L together with the group V s generated by the last two basis elements (which are 
short roots) generate all of W . Notice that the group W L permutes epsilons and changes signs. 
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It does not interchange the short roots of the two different types - those expressed with one 
epsilon and those expressed with four of them. 

V s C W s has order 6. We want to show that V D W L = {1}. Certainly the basic reflections 
in £4 and \{e\ — £2 — £3 — £4) are not in W L since all the reflections in W L are reflections in 
long roots. The only other two elements of V s to worry about are their products. But it is easy 
to see that r £A ri ( £1 _ £2 _ £3 _ £4 ) mixes the two types of short roots, and so is not an element of 

W L . The same goes for its inverse. The product r £4 ri ( £l _ e2 _ £ , J _ £4 - ) r e4 interchanges some long 
and short roots. 

So this expresses W in the form V s x W L . However, the roles of the long and short can be 
interchanged (the explicit description in terms of sign changes and permutations is lost, but that 
is not so important) and one obtains a decomposition W = V L x W . 

Type G2: The root system of G2 has 6 long and 6 short roots. W is the dihedral group of 
order 12 and W L and W are dihedral groups of order 6. They have the rotations of order 3 in 
common. 

W ~ Z/2Z x W L ~ Z/2Z x W s 
where the cyclic group of order 2 is generated by any reflection in a short (resp. long) root. 

3.2. Sign homomorphisms. 

Here we wish to discuss three sign homomorphisms on W. A presentation for W is 

(n,...,r n :rf = 1, {nr^ = 1, i, j = 1, . . . ,n, i ^ j) , 

where = 2, 3, 4, 6 according as nodes i and j in the Coxeter-Dynkin diagram are not joined, 
joined by a single bond, a double bond, or a triple bond. The statement that this is a presentation 
means that this set of relations determines the group exactly. 
Now consider a homomorphism 

a : W — ► {±1}. 

It is determined by the values Oi := a(ri) G {±1}, i = 1,. . . ,n, and the necessary and sufficient 
condition for a to exist as a homomorphism is that {pi<jj) aii = 1 f° r a U * 7^ 3- This is automatic 
if ciij is even. When is odd, i.e. = 3, then we need = Uy 

As we go along the Dynkin diagram and look at the choices we have for the o"j, we see that 
across vl-type bonds we cannot change the value a. L but across every other kind of bond we can. 
Thus the diagram allows precisely one choice of sign for all the short roots and one for all the 
long roots, and no other. This gives rise to 4 homomorphisms a. 

id : all signs equal to 1 

a : all signs equal to — 1 

a L : all long signs equal to — 1; 

a : all short signs equal to — 1; 

This is the way we get sign homomorphisms that only 'see' the long (or the short) reflections. 
It does not matter whether or not these are basic reflections or any other reflections in any long 
(or the short) reflections. All get the long or short sign according to the homomorphism that 
we are using. 



(the trivial homomorphism) 

(which is the standard sign function on W) 

(17) 

all short signs equal to 1 
all long signs equal to 1 
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Let us now fix the notation for the functions of the four families of W-orbit functions given 
by the homomorphisms (17). 



n{w)e 



2m(w(\+g),x) 



{ Cx(x) 
Si A*) 



K ■ 
K 
K 
K 



id 



a g 





g(A) = half sum of positive roots of A 
q = g L = half sum of positive roots of A L 
g = g s = half sum of positive roots of A s 



(18) 

Here A is a dominant weight, A € P + , and x 6 W n . We also have g(A) = g{A L ) + g(A s ). Clearly 
for functions based on Lie algebras (2) with only one root length, only the types C- and S- exist. 

In view of Corollary 2.1, the functions C\(x) are formed by a sum of cosine functions, while 
the S- functions are either sums of cosine or sine functions. 

Example 3.1. 

Consider a G2 example. Suppose integers a, b > 0. Then we have 



C a ,b(x) = 2( cos(27r((a, b), x)) +cos(2-7r 
+ cos(2-7r((a + b, — b), x)) +cos(2-7r 
+ cos(2vr((-a - b, 3a + 2b),x))+ cos(27r 

S a ,b(x) = 2( cos(27r((a, 6), x)) — cos(2-7r 

— cos(27r((a + b, — b), x)) +cos(27r 
+ cos(2-7r((— a — b, 3a + 26), x))— cos(27r 

S^ b (x) = 2i(sin(2vr((a,6),x)) - sin(2vr 

+ sin(27r((a + 6, -b),x)) - sin(27r 

— sin(27r((-a - b, 3a + 26), x)) + sin(27r 
S^ b (x) = 2i(sin(2vr((a,6),x)) +sin(2vr 

— sin(27r((a + 6, — 6), x)) — sin(2-7r 

— sin(27r((— a — 6, 3a + 26), x)) — sin(2-7r 



—a, 3a + 6), x)) 

2a + 6, -3a- 6), x)) 

-2a-6,3a + 26),x))); 

—a, 3a + 6), x)) 

2a + 6, -3a- 6), x)) 

-2a -6, 3a + 26), x})) 

—a, 3a + b),x)) 

2a + 6, -3a- 6), x)) 

-2a -6, 3a + 26), x))) 

—a, 3a + 6), x)) 

2a + 6, -3a- 6), x)) 

-2a -6, 3a + 26), x))) 



Subsequently we also will be interested in the character-like functions 

( \ S x+e (x) L S \+ 8 l( x ) s S \ +e s(. x ) . . 

^ X) = ^W' ^ X) = ^W' ^W=^ r , (19) 

all of which can be written as linear combination of C-functions with integer coefficients. Note 
that an algorithm for computing the coefficients is known only in the case of x\( x ), see [9, 10]. 
In general, many properties of the characters x\( x ) are known (see for example [11]), while 
analogous properties of X\( x ) an d X\i x ) have never been investigated. 

4. Further properties of long and short S- and C-functions 



The facts outlined above allow us to consider various S- and C-functions and to factor them. 
There are some considerations needed here when weights for the full system are weights for the 
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subsystems involved and where the arguments x at which we evaluate these functions lie, but 
leaving these technical details at the side for now, we can work formally. 
Consider a typical 5-function 

S x+e (x) = °He 27Ti{w{X+s) ' x) . 

Now consider the modified S'-function 

S^ gL (x) = Y, a L {w)e 2 ^ x+ ^ . 

Writing W = V s ix W L we can write each w G W uniquely as w = uv where u S W L , v G V s 
(we can write the product in this order since we have a semi-direct product) and we note that 
a L (uv) = a L (u)a L (v) = a L (u). Then 

S{ +gL {x) = Y a L (w)e 27Ti ^ (x+s ^^ 
wew 

v£V s uew L 

v£V s 

This writes the modified S- function as a sum of S- functions for the long root system A L . 
If we go to the C-functions, X\+g we need to divide the »S-functions (19) by the denominator 

Then denoting by x\+ l ( x ) the character of the Lie algebra of the type given by the long roots, 



L E wg VK ^(^)g 2 " <W (A+eL) ' X) 

ri(a,x)) n„^ /i+ 



~ n oeAS (e ni ( a < x ) - e- ni ( a ' x )) ' 
One can interchange the roles of long and short in this. 

4.1. Properties of the denominator terms. 

Let 

qT := 2 ^ a 

and let W T be the Weyl group of A T . 
Proposition 4.1. 

a T (w)e 27Tiu, e T = n Q£A T (e™ - e~™ a ) =: D T (20) 

w£W T 

Proof. a T is the usual sign function for W T . Thus the result is simply the usual formula that 
holds for all root systems. □ 
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Proposition 4.2. For all w G W, wD T = a T (w)D T 

Proof. Each w G W permutes the roots of A T . In fact, it permutes the root pairs {a, —a}, a G 
A+ and hence it permutes the factors e 7 ™" — e -7nQ of -D T , perhaps interchanging the order of 
the two summands. Thus wD T = j(w)D T where j(w) = dbl. From (w'w)D T = w'(wD T ) we 
see that ^(w'w) = r y(w')'y('w), so 7 is a homomorphism, 7 : W — > {±1}. 
Let II T be the set of simple roots for AT. We obtain for a G H T : 

r a^ - (e -e J ii /3eAj\{a} ^ e e y J--U 

so 7(r Q ) = —1. Any /3 G A T is /3 = lua for some w <E W and a G IF". Then 

y(rp) = j{wr a w~ x ) = ^{w)-f{r a )^(w~ 1 ) = -^{w)-f{w)~ 1 = -1 

so 7(773) = —1 for all /3 G A r . On the other hand if a is a simple root of A + and a ^ A T then 
since r a (A + \ {a}) = A + \ {a} we see that r a A^ = A+, so r a D T = D T and j(r a ) = 1. Using 
the same argument as above we get 7(r Q ) = 1 for all a G A \ {A T }. Thus 7 is precisely cr T , as 
we had claimed. □ 

4.2. The ring of exponential functions. 

Let P be the weight system for A. Let Z[P] be the usual ring of exponentials. Define 

Z[P] T = {/ G Z[P] I io/ = a T {w)f for all G W} . 
Let Z[P] W denote the ring of PU-invariant elements of Z[P]. 
Proposition 4.3. Z[P] T = Z[P] W D T . 

Proof. Note that for any g G Z[P] W , w(gD T ) = (wg)(wD T ) = ga T (w)D T = a T {w)gD T . This 
shows that Z[P] W D T C Z[P} T . 

Now we show the reverse inclusion. Let / G Z[P] T and write / = E M£ p c^e 27 ™^. Let a G A^. 
Then -/ = r a f = J2 c^e 2nir ^ and so, -/ = £ -c r ^e 27 ™ = £ -c^e 27r ^ = £ c M e 27 ™. 

Thus we can divide {ii | 7^ 0} into pairs {111,112} where \xi = r a xti and c^ 2 = -c w . We 
can also order so that \xi = — z a a where z a G Z, z a > (note that if izi = /i2 then 

Cf, = c-p, so c M = 0). Thus / = £ M6S c„ (e 2ni » - e*™^*-")) for some finite subset S C P. 

Since e**v*-(?Ki<J>-**<*) = e 27r ^ (l - e " 2 ™^ an d (l - e -2 "**) is always a factor of (l - e - 2mz <* a ), 
we obtain / = (l — e~ 27nct ) f Q for some / Q G Z[P]; and this statement is true for every a G A+. 
Now using [1] Ch.6, we have that |1 — e~ 2ma \ a G A + } are all relatively prime, and hence from 
(l - e" 2 ™) I / for each a G A^ we obtain II QgA T (l - e ~ 27Tia ) | /, i.e. there is / G Z[P] so 
that 

/ = n aeA T (1 - e" 2 ™) f = n aeA Te"™n aeA T (e™ - e"™) f = e~^ T f D T . 

Also for w G W, <J T {w)f = wf = w(e~™e T f )wD T = w( e -^ T f )a T (w)D T , so e~™e T f Q = 
w(e- ni e T f ). This is true for all w G W, so e~ nisT f G Z[P] W . Thus / G Z[P] W D T , showing 
that Z[P] T C Z[P] W D T . □ 

Proposition 4.4. The linear span of the C-,S-,S L -,S S - functions in Z[P] are Z[P] W D T , where 
T = 0, 1, L, S respectively. 

Proof. We have the span of the 

• C-functions: Z[P] W = Z[P] W D°, 
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• S-functions: Z[P) W D, 

• ^-functions: Z[P] W D L , 

• S s -functions: Z[P] W D s . 



□ 



Corollary 4.5. Every element of Z[P] W D T is uniquely expressible as 

^c\X\D T , c\£Z 
where A runs over a finite subset of P+. 

Proof, {xx | A G P+} form a Z— basis for the Z— span of the C— functions. □ 

5. The new families of orbit functions, S l and S s 

The functions of the families C and S are known for all compact simple Lie groups. Therefore 
the subject of the rest of the paper is focused on properties of functions of the families S L and 
S for the compact simple Lie groups with 2- root lengths (1). 

5.1. (Anti) symmetry properties of S L . 

Transformation of the orbit functions 

S^ +gL {x) = o- L (w)e 2ni{w ^ L) ' x) , \£P + , i£f (21) 

with respect to w G W involve the sign function a L (w): 

S L x+gL (wx) = a L {w)S L x+gL {x) (22) 
St { x +Q L ) (x) = a L ( W )S L x+eL (x). (23) 

We also have invariance with respect to q G Q: 

S^ +e L(x + q) = S^ +eL (x), q^Q. (24) 

Relations (22) and (24) imply that it is sufficient to consider S x+gL with iff, In particular, 
we have 

( r i x ) = —S x+gL {x) , if ri corresponds to a long root (25) 
S x+q l (fix) = S x+gL (x) , if ri corresponds to a short root (26) 

and since ro is a reflection in a long root modulo Q, we also have 

^ +eL (r x) = S L x+gL ( 

A + £ 



S^ +gL (rox) = -S^ +gL (x). (27) 

The relations (25) and (27) imply that S x+gL is equal to zero for certain part of the boundary 
of fundamental domain. More precisely, S x+gL of G2 vanishes at the faces yo, y\\ S x+gL of 



B n vanishes at yi, i = . . . n — 1; S x+gL of C n vanishes at yo, y n ; S x+gL of F4 vanishes at 
yi, i = 0,1,2. 
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5.2. Continuous orthogonality. 

For A, [i G -P + , the following orthogonality relation holds: 

|W 2 



j F s L x+ A x K+A x ^ dx = w^a 5x » ■ (28) 

Here \ W\ is the order of the Weyl group, |W^ +e i| denotes the size (number of elements) in the 
Weyl group orbit W x+q l containing the point A + g L , and |F| is the volume of F. 

Proof. We use the fact that the exponential functions (entering into the definition of orbit func- 
tions) are orthogonal on the fundamental domain F, i.e. 



i-i ■ 



| F |-1 j e 2m(A,x> e 2m0i,x) da . = §x 

Thus, we have 

i^r 1 / s L x+eL {x)s^ +eL { X )d X = \F\- 1 E *V) I e 

JF w&W w'EW JF 

= Yl £ CTL ( W ')^(A+^)«,'( At +^) • 

Now, w(X + q l ) = w'{n + g L ) can only happen if A = and w' G wStab\v(X + g L ), where 
Stabiy(A + g L ) is the stabilizer of A + g L in W (which is a subgroup of W s ). Writing each w' 
in the form ws with s G Stably (A + g L ) we obtain in the case that /j, = X, 



\ F \- 1 f S x ? +gL (x)S^ L (x)dx = J2 £ 



o- L (s) 



\W- 



□ 



5.3. (Anti)symmetry properties of S s . 

Transformation of the orbit functions 

S s x+e s{x) = Y a s (w)e 27Ti{w(x+(lS) ' x) , A G P + , x G M. n (29) 

with respect to w <E W involve the sign function a s (w) 

S S x+g s(wx) = a s (w)S s x+gS (x) (30) 
S S w{ x +e s ) (x) = a s (w)S s x+s s(x) (31) 

We also have invariance with respect to q G Q 

S S x+g s(x + q)=S S x+gS (x) (32) 

Relations (30) and (32) imply that it is sufficient to consider S x+ ^s on the fundamental domain 
of the affine Weyl group F. 
Furthermore, we have 

S x+gS (rix) = — S x+ gs(x) , if T{ corresponds to a short root (33) 

S\ +S s fax) = S x+e s (x) , if rj corresponds to a long root (34) 

S S x+Q s(r x) = S s x+gS (x). (35) 
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The relation (33) implies that s is equal to zero for certain part of the boundary of 
fundamental domain. Precisely, S^ +sS of G2 vanishes at 1/2, S\ +S s of B n vanishes at y n , S^ +qS 
of C n vanishes at yi, i = 1 . . . n — 1, s of F4 vanishes at 2/3,2/4. 

5.4. Continuous orthogonality. 

The formula for continuous continuity parallels the one developed for the long roots. For 
X, fi G P + , the following orthogonality relation holds: 

\ p r' j/L s s( x K + ^ dx = \^7\ 6 ^ (36) 

Proof. Similar to the proof of (28). □ 

6. Concluding remarks 

The analogy between the orbit functions C and S and the new one S s and S L is clearly very 
close, many properties of the old functions will probably appear as properties of new functions 
with slight modifications, therefore the study of those properties would be desirable. We point 
out here some of the questions which are interesting in our opinion. 1. Decomposition of products: 

A product of any two functions of the families C, S, S , and S decomposes to a sum of functions 
of one of the families. See examples in [3, 5]. 

2. E- functions: Similarly as a sum of common cosine and sine function of the same argument 
produce the exponential function, also sums of two functions with the same argument but from 
different families produce an E- functions, see examples in [4]. Thus there are in general six 
different families of E- functions. The rank two cases are described in [12]. 

3. Discrete orthogonality: Similarly as the functions of the C and S families are orthogonal on 
lattice points inside F when their values at the lattice points are added up (with an appropriate 
weight function, see in [13, 14, 15]), also the functions within the S L and S s families would be 
orthogonal. Specific details would be very interesting to describe. 

4. Polynomials: By a judicious choice of the functions that are multiplied, starting from the 
lowest ones, one can build polynomials where variables are the lowest of the functions. A few 
examples can be found in [3, 16]. 

5. The C and S functions are eigenfunctions of the corresponding Laplace operators, see 
examples in [17, 18]. The same Laplace operators would act on the S and S functions with 
different eigenvalues. 

6. A semisimple Lie algebra formed by two simple ideals also can be understood as having 
different root length in each ideal. The number of possibilities grows rapidly, when considering 
more than two ideals forming the semisimple Lie algebra. In addition some of the simple ideals 
may have two root lengths, etc.. It is conceivable that in some applications such possibilities 
will be advantageous. 
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